Present Status of the Muon Anomalous Magnetic Moment by De Rafael, Eduardo
ar
X
iv
:0
80
9.
30
85
v1
  [
he
p-
ph
]  
18
 Se
p 2
00
8
Present Status of the Muon Anomalous Magneti Moment
Eduardo de Rafael
a∗
a
Centre de Physique Théorique, CNRS-Luminy, Case 907, F-13288 Marseille Cedex 9, Frane
These pages, based on my talk at the Montpellier 14th International Conferene in QCD, provide us with a
short update of the Standard Model ontributions to the muon anomalous magneti moment.
1. Introdution
We shall be onerned with the gfator of the
muon whih relates its spin to its magneti mo-
ment
~µ = gµ
e~
2mµc
~s , gµ = 2︸ ︷︷ ︸
Dira
(1 + aµ) ; (1)
more preisely with the orretion aµ to the Dira
value gµ=2 whih generates the so alled anoma-
lous magneti moment. The present experimental
world average determination, whih is dominated
by the latest BNL experiment (the E821 ollabo-
ration [1℄), is
aexpµ =116 592 080(63)× 10
−11(0.54 ppm) , (2)
where the origin of the error is 0.46 ppm statisti-
al and 0.28 ppm systemati. This determination
assumes CPTinvariane i.e., aµ− = aµ+ .
The question we shall disuss is: how well an
the Standard Model digest this preise number?.
As we shall see, the preision of aexpµ is suh that
it is sensitive to the three ouplings of the Gauge
Theory whih denes the Standard Model, as well
as to its full partile ontent
2
.
2. The QED Contributions (Leptons)
This is by far the dominant ontribution, whih
is generated by two types of Feynman diagrams:
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For a reent review artile see e.g. ref. [2℄.
2.1. The Massless Class
This lass is generated by Feynman diagrams
with virtual photons only as well as by diagrams
with virtual photons and fermion loops of the
same avour as the external partile (the muon
in our ase). Sine aµ is a dimensionless quantity,
this lass of diagrams gives rise to the same on-
tribution to the muon, eletron and tau anoma-
lies. They orrespond to the entries a(2n) in Ta-
ble 1, with n = 1, 2, 3, 4 indiating the number of
loops involved. They are known analytially at
one loop [3℄; two loops [4,5℄; and three loops [6℄.
This is the reason why there is no error in the
orresponding numbers in the seond olumn of
Table 1.
At the fourloop level, there are 891 Feynman
diagrams of this type. Some of them are already
known analytially, but in general one has to re-
sort to numerial methods for a omplete evalu-
ation. This impressive alulation, whih is sys-
tematially pursued by Kinoshita and ollabora-
tors, requires many tehnial skills and is under
onstant updating; in partiular thanks to the ad-
vanes in omputing tehnology. The entry a(8)
in Table 1 is the one orresponding to the most
reent published value [7℄, with the error due to
the present numerial unertainties.
Notie the alternating sign of the results from
the ontributions of one loop to four loops, a sim-
ple feature whih is not yet a priori understood.
Also, the fat that the sizes of the
(
α
pi
)n
oe-
ients for n = 1, 2, 3, 4 remain rather small is an
interesting feature, allowing one to expet that
the order of magnitude of the veloop ontribu-
tion, from a total of 12 672 Feynman diagrams,
is likely to be of O (α/π)
5
≃ 7 × 10−14. This
is well beyond the auray required to ompare
1
2Table 1
QED Contributions (Leptons) {α−1 = 137.035 999 084 (51) [0.37 ppb] [8℄}
Contribution Result in Powers of
α
pi
Numerial Value in 10
−11
Units
a(2) 0.500 000 000 (00)
(
α
pi
)
116 140 973.29 (0.04)
a(4) −0.328 478 965 (00)
(
α
pi
)2
a
(4)
µ (total) 0.765 857 410 (27)
(
α
pi
)2
413 217.62 (0.01)
a(6) 1.18 124 146 (00)
(
α
pi
)3
a
(6)
µ (total) 24.05 050 964 (43)
(
α
pi
)3
30 141.90 (0.00)
a(8) −1.9 144 (35)
(
α
pi
)4
a
(8)
µ (total) 130.8 055 (80)
(
α
pi
)4
381.33 (0.02)
a
(10)
µ (total estimate) 663 (20)
(
α
pi
)5
4.48 (1.35)
a
(2+4+6+8+10)
µ (QED) 116 584 718.09 (0.14)(0.04)
with the present experimental result for aµ, but
it will be eventually needed for a more preise
determination of the nestruture onstant α
from the preision measurement of the eletron
anomaly [8℄.
2.2. The Massive Class
This seond lass is generated by Feynman di-
agrams with lepton loops of a dierent avour to
the one of the external muon line. Their on-
tribution to aµ is then a funtion of the lepton
mass ratios involved. These ontributions are
generated by vauum polarization subgraphs and
by lightbylight sattering subgraphs involving
eletron and tau loops. Both the twoloop and
threeloop ontributions of this lass are known
analytially
3
. The full threeloop evaluation in-
volving eletronloop subgraphs, by Laporta and
Remiddi [9,10℄, is a remarquable ahievement.
The numerial errors quoted in Table 1 for these
ontributions are due to the present experimental
errors in the lepton masses [11℄.
At the fourloop level, only a few ontributions
are known analytially. Kinoshita and his ol-
laborators have, however, aomplished a full nu-
merial evaluation of this lass (see ref. [12℄ and
referenes therein.). The orresponding error in
Table 1 is the ombined error in the lepton masses
and the present error due to the numerial inte-
gration.
3
For a history of the suessive improvements in the eval-
uation of these ontributions see e.g. ref. [2℄.
The number quoted for the full veloop QED
ontribution in Table 1 is the present estimate
quoted in ref. [13℄. It is likely to be improved in
the near future.
2.3. The MellinBarnes Tehnique
There has been a reent tehnial development
in the evaluation of Feynman diagrams involving
mass ratios, whih has already been useful in the
evaluation of some higher order ontributions to
aµ (see refs. [14,15℄) and whih seems promis-
ing for further alulations. In these papers it is
shown how the MellinBarnes integral represen-
tation of Feynman parametri integrals allows for
an easy evaluation of as many terms as wanted in
the asymptoti expansion of Feynman diagrams
in terms of one and two mass ratios.
The basi idea is to express the ontribution
to aµ from a Feynman diagram, or a lass of di-
agrams, as an inverse Mellin transform with re-
spet to the mass ratios involved in the diagrams.
The remarkable property of this representation is
the fatorization in terms of moment integrals. It
is in fat this fatorization whih is at the basis
of the renormalization group properties disussed
in ref. [16℄, and used sine then by many authors
(see e.g. ref. [17℄ and referenes therein). The al-
gebrai fatorization in the MellinBarnes repre-
sentation, however, is more general. The stan-
dard renormalization group onstraints only ap-
ply to the evaluation of asymptoti behaviours in
terms of powers of logarithms and onstant terms.
3ee
µ
X
e τ
+ ...
Fig.1 Diagrams with three eloops and a τloop.
In the MellinBarnes framework, this appears as
a property of the residue of the leading Mellin
singularity. What is new here is that this ex-
tends as well to the subleading terms, whih are
governed by the residues of the suessive Mellin
singularities (in the negative real axis, in the ase
of eletron loops); or by twodimensional residue
forms [15,18℄, in the ase of the Mellin singular-
ities assoiated to two mass ratios (the ase of
both eletron and tau loops).
As an example, we quote a few terms of the
result obtained for the tenthorder ontribution
from the string of vauum polarization subgraphs
shown in Fig. 1:
a
(eeeτ)
µ =
“α
pi
”5( m2µ
m2τ
!"
4
1215
log3
m2µ
m2e
− 2
405
log2
m2µ
m2e
−
„
122
3645
− 8pi
2
1215
«
log
m2µ
m2e
+
2269
32805
− 4pi
2
215
− 16
405
ζ(3)
–
+ · · ·
ff
=
“α
pi
”5
0.013 057 4(4) . (3)
In fat, the analyti alulation in ref. [15℄ whih
leads to this preise number, also inludes terms
up to O
[(
m2µ
m2τ
)4
log3
m2µ
m2τ
]
, whih are already
smaller than the error generated by the lepton
masses in the leading order terms.
3. Hadroni Contributions
The eletromagneti interations of hadrons
produe ontributions to aµ indued by the
hadroni vauum polarization and by the
hadroni lightbylight sattering.
X
µ
Hadrons
Fig.2 Hadroni Vauum Polarization
3.1. Hadroni Vauum Polarization
All alulations of the lowestorder hadroni
vauum polarization ontribution to the muon
anomaly (see Fig. 2) are based on the spetral
representation [19℄
ahvpµ =
α
pi
Z ∞
0
dt
t
1
pi
ImΠ(t)
Z 1
0
dx
x2(1− x)
x2 + t
m2µ
(1− x) (4)
with the hadroni spetral funtion
1
pi
ImΠ(t) re-
lated to the one-photon e+e− annihilation ross-
setion into hadrons (me → 0) as follows:
σ(t){e+e−→(γ)→hadrons} =
4pi2α
t
1
pi
ImΠ(t) . (5)
This ontribution is dominated by the π+π−
hannel; the region of the ρresonane in parti-
ular [20,21℄. The history of evaluations of ahvpµ
is a long one whih an be traed bak, e.g. in
ref. [2℄. The most reent ompilation of e+e− an-
nihilation data used in the evaluation of the dis-
persive integral in Eq. (4) made by Mihel Davier
and ollaborators, whih also inludes the new
preise measurements from the experiments SND
and CMD-2 at Nobosibirsk as well as some exlu-
sive hannels from BaBar, gives the result
4
:
ahvpµ = (6 908±39exp±19rad±7QCD)×10
−11 . (6)
Unfortunately, the disrepany with the evalua-
tion made using the τspetral funtions, or-
reted for isospinbreaking eets, still persists.
Here, one has to wait for the forthoming re-
sults from the high preision measurements on
the ππ mode at BaBar using the radiative return
method. We shall then be able to hek the on-
sisteny with the result in Eq. (6) and, hopefully,
improve the auray.
4
See e.g. ref [22℄ and referenes therein for details.
4There is a similar spetral representation to
the one in Eq. (4) for the nexttoleading order
hadroni vauum polarization [23℄, with the ker-
nel [24,25℄ in Eq. (4), replaed by a twoloop ker-
nel, whih is also known analytially [26℄. The
most reent numerial evaluation, using the same
data as for the lowestorder evaluation, gives
ahvp(nlo)µ = (−97.9±0.9exp±0.3rad )×10
−11 . (7)
3.2. Hadroni LightbyLight Sattering
Unlike the hadroni vauum polarization on-
tribution, there is no diret experimental input
for the hadroni lightbylight sattering ontri-
bution to aµ shown in Fig. 3; therefore one has
to rely on theoretial approahes.
So far, the only rigorous theoretial result is the
observation that, in the QCD largeNc limit and
to leading order in the hiral expansion, the dom-
inant ontribution omes from the Goldstonelike
neutral pion exhange whih produes a harate-
risti universal double logarithmi behavior with
a oeient whih an be alulated exatly [27℄:
ahllµ (pi
0)=
“α
pi
”3 m2µN2c
48pi2F 2pi
h
ln2
mρ
mpi
+O
“
ln
mρ
mpi
”
+O(1)
i
(8)
where Fpi denotes the pion oupling onstant in
the hiral limit (Fpi ∼ 90MeV). Testing this limit
was partiularly useful in xing the sign of the
phenomenologial alulations of the neutral pion
exhange [28℄.
Although the oeient of the ln2(mρ/mpi)
term in Eq. (8) is unambiguous, the oeient
of the ln(mρ/mpi) term depends on lowenergy
onstants whih are diult to extrat from ex-
periment [27,29℄ (they require a detailed know-
ledge of the π0 → e+e− deay rate with inlusion
of radiative orretions). Moreover, the onstant
term in Eq. (8) is not xed by hiral symmetry re-
quirements, whih makes the preditive power of
an eetive hiral perturbation theory approah
rather limited for our purposes. Therefore, one
has to adopt a dynamial framework whih takes
into aount expliitly the heavier meson degrees
of freedom as well.
The most reent alulations of ahllµ in the
literature [28,30,31,32℄ are all ompatible with
the QCD hiral onstraints and largeNc limit
X
µ
H
Fig.3 Hadroni LightbyLight Sattering
disussed above. They all inorporate the π0
exhange ontribution modulated by π0γ∗γ∗ form
fators, orretly normalized to the π0 → γγ de-
ay width. They dier, however, in the shape
of the form fators, originating in dierent as-
sumptions: vetor meson dominane in a spei
form of Hidden Gauge Symmetry in Ref. [30℄; in
the form of the extended NambuJona-Lasinio
(ENJL) model in Ref. [31℄; largeNc models in
Refs. [28,32℄; and on whether or not they satisfy
the partiular operator produt expansion on-
straint disussed in Ref. [32℄.
In order to ompare dierent results it is on-
venient to separate the hadroni lightbylight
ontributions whih are leading in the 1/Nc
expansion from the non-leading ones [33℄. Among
the leading ontributions, the pseudosalar me-
son exhanges whih inorporate the π0, and to
a lesser degree the η and η′ exhanges, are the
dominant ones. As disussed above, there are
good QCD theoretial reasons for that. In spite
of the dierent denitions of the pseudosalar me-
son exhanges and the assoiated hoies of the
form fators used in the various model alula-
tions, there is a reasonable agreement among the
nal results. The result quoted in a reent update
disussed in ref. [34℄ gives:
ahll(π , η , η′) = (114± 13)× 10−11 . (9)
Other ontributions, whih are also leading in the
1/Ncexpansion, due to axialvetor exhanges
and salar exhanges, give smaller ontributions
with updated errors, as disussed in ref. [34℄:
ahll(1+) = (15± 10)× 10−11 , (10)
and
ahll(0+) = −(7± 7)× 10−11 . (11)
5The subleading ontributions in the 1/Nc
expansion are dominated by the harged pion
loop. However, beause of the model dependene
of the results one obtains when the pion loop is
dressed with hadroni interations it is suggested
in ref. [34℄ to use the entral value of the ENJL
model evaluation in [31℄, but with a larger er-
ror whih also overs unaounted loops of other
mesons, :
ahll(π+π−) = −(19± 19)× 10−11 . (12)
From these onsiderations, adding the errors in
quadrature, as well as the small harm ontribu-
tion: ahll(c) = 2.3±×10−11 , one gets
ahll = (105± 26)× 10−11 , (13)
as a nal estimate.
4. Eletroweak Contributions
The leading ontribution to aµ from the Ele-
troweak Lagrangian of the Standard Model, ori-
ginates at the oneloop level. The relevant Feyn-
man diagrams (in the unitary gauge) are shown
in Fig. 4. The analyti evaluation of the overall
ontribution gives the result (see e.g. ref. [35℄):
aEW(1)µ =
GF√
2
m2µ
8pi2
8>><
>>:
10
3|{z}
W
+
1
3
(1−4 sin2 θW )2 −
5
3| {z }
Z
+ O
 
m2µ
M2
Z
log
M2
Z
m2µ
!
+
m2µ
M2
H
Z 1
0
dx
2x2(2− x)
1− x+ m
2
µ
M2
H
x2
9>=
>;
= 194.8 × 10−11 , (14)
where the weak mixing angle is dened by
sin2 θW = 1 − M
2
W /M
2
Z ≃ 0.223, and GF ≃
1.166 × 10−5 is the Fermi onstant. Notie
that the ontribution from the Higgs boson,
shown in parametri form in the seond line,
is of O
(
GF√
2
m2µ
4pi2
m2µ
M2
H
ln
M2H
m2µ
)
, rather small for the
present lower bound on MH , but known analyti-
ally.
The a priori possibility that the twoloop
eletroweak orretions may bring in enhane-
ment fators due to large logarithms, like
X XX
W
Z Hµ µ µ
ν
Fig.4 Weak interations at the one-loop level
ln(M2Z/m
2
µ) ≃ 13.5, has motivated a thorough
theoretial eort for their evaluation, whih has
been quite a remarkable ahievement.
It is onvenient to separate the twoloop ele-
troweak ontributions into two sets: those on-
taining losed fermion loops and the bosoni
orretions, whih we denote by a
EW (2)
µ (bos).
The latter have been evaluated using asymp-
toti tehniques in a systemati expansion in
powers of sin2 θW , where log
M2W
m2µ
terms, log
M2H
M2
W
terms,
M2W
M2
H
log
M2H
M2
W
terms,
M2W
M2
H
terms, and on-
stant terms are kept. Using sin2 θW = 0.223 and
50 GeV ≤MH ≤ 700 GeV results in [36,37,38℄:
a
EW (2)
µ (bos) =
GF√
2
m2µ
8pi2
× α
pi
(−82.2± 5.9)
= (−22.2± 1.6)× 10−11 . (15)
The disussion of the fermioni orretions is
more deliate. Beause of the U(1) anomaly an-
ellation between lepton loops and quark loops
in the eletroweak theory, one annot separate
hadroni from leptoni eets any longer in di-
agrams like the ones shown in Fig. 5, where a
VVAtriangle with two vetor urrents and an
axialvetor urrent appears. It is therefore ap-
propriate to separate the fermioni orretions
into two sublasses. One is the lass in Fig. 5,
whih we denote by a
EW (2)
µ (l, q) . The other lass
is dened by the rest of the diagrams, where
quark loops and lepton loops an be treated sepa-
rately, whih we all a
EW (2)
µ (ferm-rest). This latter
ontribution has been estimated to a very good
approximation in ref. [36℄ with the result,
a
EW (2)
µ (ferm-rest) =
G
F√
2
m2µ
8pi2
α
pi
× (−21 ± 4) , (16)
where the error here is the one indued by dia-
grams with Higgs propagators with an allowed
6X
e
µ
X
µ
u,d
ZZ γγ
Fig.5 Two-loop eletroweak diagrams generated by
the γγZ-Triangle. There are similar diagrams or-
responding to the µ, c, s and τ, t, b generations.
Higgs mass in the range 114 GeV < MH <
250 GeV.
Conerning the ontributions to a
EW (2)
µ (l, q), it
is onvenient to treat the three generations sep-
arately. The ontribution from the third genera-
tion an be alulated in a straightforward way
using eetive eld theory tehniques [39℄, be-
ause all the fermion masses in the triangle loop
are large with respet to the muon mass, with the
result [39,36℄:
a
EW (2)
µ (τ, t, b) =
GF√
2
m2µ
8pi2
α
pi
× (−30.6) . (17)
However, as rst emphasized in ref. [39℄, an ap-
propriate QCD alulation when the quark in the
loop of Fig. 5 is a light quark should take into a-
ount the dominant eets of spontaneous hiral-
symmetry breaking. Sine this involves the u , d
and s quarks, it is onvenient to lump together
the ontributions from the rst and seond gen-
erations. An evaluation of these ontributions,
whih inorporates the QCD longdistane hi-
ral realization [39,40℄ as well as perturbative [41℄
and nonperturbative [40,41℄ shortdistane on-
straints, gives the result
a
EW (2)
µ (e, µ, u, d, s, c) =
G
F√
2
m2µ
8pi2
α
pi
×(−24.6±1.8) . (18)
From the theoretial point of view, this alula-
tion has revealed surprising properties onern-
ing the non-anomalous omponent of the VVA
triangle [42℄, resulting in a new set of non-
renormalization theorems in perturbation the-
ory [42,43℄.
Putting together the partial twoloop results
disussed above, one nally obtains for the overall
eletroweak ontribution the value
Table 2 Standard Model Contributions
Contribution Result in 10
−11
units
QED (leptons) 11 6584 718.09± 0.14± 0.04α
HVP(lo) 6 908± 39
exp
± 19
rad
± 7
pQCD
HVP(ho) −97.9± 0.9
exp
± 0.3
rad
HLxL 105± 26
EW 152 ± 2± 1
Total SM 116 591 785± 51
aEWµ = a
EW(1)
µ +
GF√
2
m2µ
8pi2
“α
pi
”
[−158.4(7.1)(1.8)]
= 152(2)(1) × 10−11 , (19)
where the rst error is essentially due to the Higgs
mass unertainty, while the seond omes from
hadroni unertainties in the VVAloop evalua-
tion. The overall result shows indeed that the
twoloop orretion represents a sizeable redu-
tion of the oneloop result by an amount of 22%.
An evaluation of the eletroweak threeloop lead-
ing terms of O
[
G
F√
2
m2µ
8pi2
(
α
pi
)2
ln MZ
mµ
]
, using renor-
malization group arguments [44,41℄, shows that
higher order eets are negligible [O(10−12)℄ for
the auray needed at present.
5. Summary
Table 2 ollets the various Standard Model
ontributions to aµ whih we have disussed. No-
tie that the largest error at present is the one
from the lowest order hadroni vauum polariza-
tion ontribution. Adding experimental and the-
oretial errors in quadrature gives a total
aSMµ = (116 591 785± 51)× 10
−11 , (20)
with an overall error slightly smaller than the one
in the experimental determination in Eq. (2). The
omparison between these two numbers, shows an
intriguing 3.6 σ disrepany.
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